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Introduction
Porous media have recently received much attention in industry, such as in power generation, biomedical engineering, apparel fabrication, and automotive and aerospace manufacturing. This popularity is largely because of its superior properties compared to solid counterparts including higher strength-to-weight ratio and porosity (i.e. surface-area-to-volume ratio). A porous medium is typically made of stationary solid in the form of a matrix of interconnected pores. When the solid component is 8 EC 32,1
formed by an assembly of fibers as webs and sheets, the medium is called fibrous porous. Fibrous porous media can be in either woven or non-woven form. For woven fibrous structures, curved fibers are knitted in regular patterns so that they are mechanically combined and fixed by friction at the locations where they contact, as shown in Figure 1 . For non-woven fibrous structures, fibers are naturally packed and mechanically, thermally or chemically bonded. One example is shown in Figure 2 . Because of their ease of fabrication, fibrous porous media have become very important materials in industry. Particularly, thanks to their good structural stability as well as unique thermal and electrical properties of certain fibers, non-woven fibrous porous media have become a preferred choice of materials in many applications including insulation, filtration, acoustics, sensing, and actuation. Fibrous porous media can be composite materials that have complex structures. The gas diffusion layer (GDL) in Figure 2 from our experimental work is used in the polymer electrolyte membrane fuel cells (PEMFCs). The GDL consists of packed cylindrical carbon fibers with a polymer binder added, resulting in a structure that allows for the permeation of gases. GDLs are thin sheets of carbon papers consisting of randomly distributed fibers. The fibers have a diameter of 6-10 μm and a length of 10-20 mm. Other non-woven fibrous porous media have similar structures .
To obtain higher power densities in PEMFC, we need to increase the mass transfer rate and the concentration of reactants which are linked to the GDL transport properties. Computational fluid dynamics (CFD) tools are usually used to optimize the PEMFC's performance based on the GDL transport characteristics such as permeability and tortuosity. In such analyses, only a small portion of the physical domain, called representative volume element (RVE), is modeled. A RVE can be as small as the one in which simulation result is representative and can be generalized to the entire domain.
Because of the high degree of irregularity and complexity in the porous geometry, modeling porous media is a challenging task. The commonly used parametric surface modeling methods with local shape control are inefficient because a large number of control points are required to capture the complex topology. Although most of these methods are able to efficiently build individual fibers or particles with simple shapes 
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Periodic surface model such as cylinders and spheres, it is difficult for them to build more complex and irregular shapes and at the same time control the overall porosity of the RVE with dozens or even hundreds of fibers or particles. In addition, RVEs typically require flexible domain sizes so that geometries can be modified based on simulation needs. An effective approach to build geometries that automatically satisfy the periodic boundary condition is desirable for the ease of modifying the size of RVEs.
In this paper, we propose a modeling approach to represent both woven and nonwoven fibrous porous media based on the extension of a previously developed periodic surface (PS) model (Wang, 2007a (Wang, , b, 2009 Qi and Wang, 2009) . This new surface model allows us to efficiently build randomly distributed or patterned fibers, both straight and bent, in a RVE. The original PS model is generalized to provide more degrees of freedom to control the complexity of shapes. From the implicit surface of generalized PS model, a mesh representation of fibers in a RVE can be generated and imported into CFD tools for analysis. Alternatively, geometric information such as medial axes, radius, and curvature of fibers can be imported into mesh generation tools to create mesh models. In the remainder of the paper, we give a brief overview of geometric modeling of porous media in Section 2, where the original PS model is also introduced. In Section 3, the PS model is used to model straight fibers. In Section 4, the PS model is generalized and its corresponding transformation operations are introduced. In Section 5, we describe the method of modeling bent fibers based on the generalized PS model. In Section 6, a physics-based empirical force field method to model deformation of fibers is introduced. In Section 7, the detailed implementation process of the proposed method is described and demonstrated.
Literature review
Geometric modeling methods for porous media can be categorized into image-based and geometry-based approaches. In this section, a detailed overview of existing literature is provided. The organization of the review is shown in Figure 3 .
Image-based approaches
For the image-based approaches, three-dimensional (3D) images, as the implicit representation of geometries, are directly obtained by scanning structures in a non-destructive way. Some existing scanning methods include transmission microscopy (Flegler, 1993) , scanning tunneling electron microscopy (Stroscio and Kaiser, 1992) , synchrotron-based tomography (Kinney and Nichols, 1992) , confocal microscopy (Fredrich et al., 1995) , and computed microtomography (μCT) (Dabbs and Aksay, 1996; Bentz et al., 2000) . The discrete voxels in the images can be used directly for analysis and rapid prototyping (Strozzi et al., 2009 Sun et al. (2005) generated the boundary representation (B-Rep) of porous systems from voxels. Zeng et al. (2000) modeled porous structures with predominant axis, such as yarns, by acquiring the successive cross-section images along the axis and then tracking geometric features of interstices (the void space). Some research efforts were only focused on fibrous porous media, where 3D models were reconstructed based on 2D imaging of actual fibers in either the woven or non-woven form. In the automated serial sectioning technique ( Jaganathan et al., 2008; Vaughan and Brown, 1996; Desplentere et al., 2005) , 2D images were taken at different sections of fibrous materials and the 3D geometry was reconstructed from these 2D images.
The image-based methods require advanced equipment and lengthy time to reconstruct the 3D micro-structure based on the taken images. Although imaging techniques accurately capture the geometry of actual structures, the models are hardly modifiable, which provides little value for the purpose of design. Moreover, the conversion from imaging data to B-Rep functions is a challenging task.
Geometry-based approaches
Geometry-based approaches, on the contrary, construct models based on closed-form mathematical functions. Since the functions are much easier to control than discrete voxels, these methods apparently provide more flexibility in the sense of design. Early research efforts simplified the 3D geometric modeling problem to a 2D one with the assumption of parallel fiber orientation so that only a 2D cross-section profile is modeled (Brown, 1984 (Brown, , 1993 Herman et al., 2006) . This simplification is proved effective in accelerating the simulation of fluid flow in 2D. However, to obtain more accurate simulation results, modeling 3D porous structure is apparently essential.
In porous media, the structures are called spatially homogeneous if the pores have the same size and shape; otherwise, they are called spatially heterogeneous. For spatially homogeneous porous media, the structures can be controlled globally since the pores have the same size and shape and therefore are periodic. Cheah et al. (2003a, b) used polyhedral shapes in modeling biological tissues. Chow et al. (2007) proposed a layer-based approach with 2D Voronoi tessellation to degrade the 3D problem to a 2D one. Kou and Tan (2010a, b) presented a modeling method for porous structures with graded porosities and pore distributions based on stochastic Voronoi diagram and B-Spline representation. Schroeder et al. (2003) proposed a representation method to effectively unify model density and porosity using stochastic geometry.
For spatially heterogeneous porous media, because of the variety of the sizes and shapes of the pores, local control of the pores is needed. Few geometry-based methods were established for spatially heterogeneous non-fibrous porous structures. Kou and Tan (2010a, b) used Voronoi tessellation to partition the space into a collection of compartments. Randomly selected compartments are merged together to obtain boundary polygons, the vertices of which are then used as control points of closed B-Spline curves. These B-Spline curves therefore represent the boundaries of the irregular-shaped pores in 2D.
Particularly for spatially heterogeneous fibrous porous media, several geometrybased modeling methods have been developed. For woven fibrous structures, curved fibers subject to interacting forces need to be modeled. (Peirce, 1937) modeled woven fibers with circular arcs connected by straight line segments. Hewitt et al. (1995) approximated fibers in woven composite materials by discrete but connected rectangular blocks. Turana and Baser (2010) used B-Spline to represent the central 12 EC 32,1 curves of the woven fibers. Smith and Chen (2008) used differential equations to construct woven compressible structures without intersection among fibers.
Non-woven spatially heterogeneous fibrous structures are either non-layered such as yarn tows in textile, or layered such as GDLs. Non-layered fibrous structures were constructed by simply combining B-Rep models of individual fibers. Lin and Newton (1999) used cubic B-spline curves to represent the central curves of the fibers in 3D and generated the surface or solid model using sweep operations. Sreprateep and Bohez (2006) used non-uniform rational B-Spline to generate the central curves of the fibers in yarns and similarly built the solid model of fibers with sweep operations. Sun et al. (2001) used the commercial CAD software Pro/Engineer to build solid model of woven composite materials for stress and deformation analysis.
To model layered fibrous structures, fibers are usually inserted into the model one by one following certain levels of statistical distributions, either as aligned, layered, or random structures. For the aligned structure (Brown, 1984 (Brown, , 1993 Herman et al., 2006; Chen and Papathanasiou, 2005) , fibers are only distributed in parallel or perpendicular patterns with respect to one direction. For the layered structure (Hamilton, 2005; Wang et al., 2006; Van Doormaal and Pharoah, 2009) , fibers are built in a layer-by-layer pattern and randomly oriented within each layer so that no intersection exists among the fibers. In the random structure (Schulz et al., 2007) , the fibers are oriented randomly in all three spatial directions. These methods can only construct straight fibers with the simple cylindrical shape without intersections, which affects the accuracy of simulation.
In summary, existing geometric modeling methods for fibrous porous media are not efficient in constructing and modifying complex structures for the purpose of design of material properties in RVEs. Although B-Rep based parametric surface models are straight-forward, the disadvantage is that a large number of control points are involved and therefore it is hard to globally control the shapes of fibers. In design of material properties, local shape control of fibers is not important. Rather, modifying the overall structure with easily controllable parameters in a RVE and relating the values of parameters to the physical properties enable design engineers to establish structureproperty relationships easily.
PS model
In this paper, we propose an implicit surface approach to model woven and non-woven fibrous porous structures. This is based on a generalized PS model as an extension of the original PS model (Wang, 2007a (Wang, , b, 2009 ). Because of its periodic and implicit nature, the PS model can be used to represent porous structures at micro-and bulk scales. The implicit surface allows us to build 3D porous models more efficiently than explicit methods. Its periodic nature makes it more convenient in modeling self-repeating geometry. By simply increasing or decreasing the number of periods for the RVE, the size of the model will be enlarged or shrunk with more or less fibers included, which is important in modeling RVEs.
The PS model has the implicit form and is defined as:
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Periodic surface model where κ l is the scale parameter:
is a basis vector, such as one of: 
which represents a basis plane in the Euclidean space, and α m corresponds to the phase of the basis plane defined in p m . In addition, r ¼ [x, y, z, w] T is the location vector with homogeneous coordinates, and μ lm is the periodic moment. We assume w ¼ 1 if not explicitly specified. The degree, M, of ψ(r) in Equation (1) is defined as the number of unique vectors in the basis vector set {p m }. The scale, L, of ψ(r) is defined as the number of unique scale parameters in {κ l }. We can assume scale parameters as natural numbers (κ ∈ ℕ). Figure 4 lists some examples of PS models. Triply periodic minimal surfaces, such as P-, D-, G-, and I-WP cubic morphologies that are frequently referred to in chemistry and polymer literature, can be adequately approximated. Besides the cubic phase, other mesophase structures such as spherical micelles, lamellar, rod-like hexagonal phases can also be modeled.
Modeling straight fibers using PS model
In non-woven fibrous porous structures, the fibers typically have circular crosssections and much less bent than the ones in woven fibrous porous structures. Thus, their geometries can be approximately regarded as cylindrical shapes. The rod surface model as shown in Figure 4 is a good approximation of cylinders. Therefore it can be 
represents a rod surface with the central axis along the z-axis direction, which is periodic in both x-and y-axis directions with the periodicity of 1. The corresponding parameters are
T . For rod surfaces oriented along the x-and y-axes, the respective basis vectors are
With these parameters, the rod surfaces can approximate the geometry of cylinders well and can therefore be utilized to model straight fibers. The fibers are modeled in a RVE or a cube that is large enough to represent the properties of fibrous porous media. In this paper, the normalized size of the cube for the rod surface model is x ∈ [0, 1], y ∈ [0, 1], and z ∈ [0, 1]. There is only one rod surface defined by Equation (4) in the cube. Later in this section, we will show how to add more rod surfaces in the RVE. Notice that to better represent cylindrical shapes with higher accuracy, more terms can be introduced into Equation (4) at the cost of computation. Figure 5 illustrates the PS model of a rod surface in the RVE and the difference between the cross section of the rod surface and a circle. As the isovalue ψ 0 in Equation (4) changes, the diameter of the rod surface changes correspondingly.
As shown in Figure 5 , the diameter of the fiber can be approximated by the distance between the positions with the maximum and minimum y-coordinate values in the cross section of the rod. That is, D ¼ Y max −Y min . If we set ψ(x, y, z) ¼ ψ 0 with a constant isovalue ψ 0 , the size of the rod is determined. Since the period is set to 1, the cross section of the rod in the box is symmetric about x ¼ 1/2, both Y max and Y min are located at x ¼ 1/2. Therefore, we have:
That is:
rod surface 
For example, when ψ 0 ¼ 0, the diameter is approximately 0.58. Conversely, given a known diameter D, the isovalue is calculated as:
With properly chosen parameters, the PS model is also able to construct rod surfaces with varied cross-sections in order to model compressed fibers. For example:
models the compressed rod surface shown in Figure 6 (a), and:
models the one shown in Figure 6 (b). It is seen that the deformation can be modeled by increasing the scales and degrees, i.e. introducing more terms in the PS model. The fiber model in Equation (4) is located at the center of the RVE. Transformation operations are needed if we need to generate models at other locations or with different orientations. It has been demonstrated that the transformation of a PS model is equivalent to the transformation of its basis vectors (Wang, 2007a, b) . Therefore, the position and orientation of a fiber can be adjusted through the translation and rotation of the basis vectors p m 's.
In the RVE, a certain number of fibers can be generated with random values of orientations and locations. n fibers can be combined using the union operation as: where ψ i (x, y, z) is the PS model of the ith fiber. The randomly generated fibers in the PS model could intersect with each other. However, in reality, the fibers do not intersect. Instead, they bend when coming across with each other. Therefore, to better model the geometry, it is essential that the straight rod surface models are relocated and/or deformed, to avoid intersection. To quantify the intersection volume, we can use:
The fiber positions and orientations should be adjusted to minimize the intersection portion. 
For fibers with deterministic patterns such as those in woven structures, the modeling and optimization procedures shown in Equations (7)- (9) still apply. After the optimization, the intersection portion among the fibers can be greatly reduced, which makes the model much closer to reality. It should be noted that the model we have now is based on the assumption that all fibers are straight. In order to build the bent rod model of fibers, the cross-section of the rod should shift by an amount varying along the rod axis. The shift amount here is directly related to the phase α m in Equation (2). Therefore, we need to define α m as a variable instead of a constant in the original PS model. To increase the flexibility, we generalize the PS model into a new form as described in the next section.
Generalized PS model
The generalized PS model is defined as:
where
T remains the same as Equation (2),
Here p m 's are called major basis vectors and q lmt 's are minor basis vectors of the generalized PS model. μ lm 's are now called major moments whereas u lmst 's are minor moments. k l 's are major scales whereas f lms 's are minor scales.
In the generalized PS model, the phase itself is a function with the similar form of the original PS model. That is, the phase is represented by cosine functions. As the phase now is not constant any more but a periodic function, the generalized PS model exhibits higher flexibility in modeling. In our fibrous porous media application, shown in Section 6, bent fibers can be efficiently represented. In a similar vein, we may even further parameterize the moments μ lm 's in the PS model and make them as functions instead of constants as in Equations (1) and (10). The parameterization introduces more degrees of freedom to control the shapes of PS models.
In applications, rotational and translational operations on the generalized PS model are needed for interactive control. The two transformation operations are derived as in the following subsections.
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Rotation of generalized PS model
It can be seen from Equation (11) that the rotation operation of the generalized PS model can be realized by the rotation of the major and minor basis vectors. Furthermore, if we re-write each one of the basis vectors as the sum of two vectors with phase separated, i.e. p
Equation (12) implies that the rotation operation does not change the phase of each cosine basis function.
Translation of generalized PS model
The translation operation can be derived similarly. When the translation matrix:
! is applied, the new PS model is:
Let:
With basis vectors decomposed:
Calculation of the medial axis of generalized PS model
The medial axis is also known as topological skeleton and essential in model reconstruction, statistical distribution analysis, shape simplification, and other applications.
In PS models, we may need to retrieve the medial axes of certain shapes for the purpose of 19 Periodic surface model model reconstruction. For instance, when applying the generalized PS model in building fibrous porous media, we need to find the medial axes of fibers to reconstruct them in CFD analysis tools that do not support implicit modeling. For simple shapes such as sphere and rod, the medial axis is trivial. Here, we show the calculation of the medial axes of generalized PS models when there is only one term of basis function associated with μ lm that contains variable phase. That is, there is only one combination of l ¼ l 0 and m ¼ m 0 such that not all u lmst ¼ 0 among s ¼ 1, …, S and t ¼ 1, …, T. For all other values l ≠ l 0 or m ≠ m 0 , u lmst ¼ 0. This is common when wavy shapes appear in generalized PS models along one direction without twists.
The medial axis of one directional wavy PS model can be computed by solving:
which correspond to a wavy surface and a plane with the normal vector of n respectively, both passing through the medial axis. The explicit rotation and translation of the medial axis can also be conveniently computed by solving:
and:
where R is the rotation matrix and T is the translation matrix.
Modeling bent fibers using generalized PS model
We use a generalized PS model to represent bent fibers. Here we call it bent rod surface. The shape of the cross section of the rod surface is largely determined by the parameters μ lm , κ l and p m , whereas the extension of bending is determined by the parameters u lmst , f lms and q lmt in Equation (10). Since the cross section of the simple rod surface in Equation (4) is a good approximation of a circle, the parameters of μ lm , κ l and p m can be remained the same for the bent ones. The relationship between the diameter of a bent rod and the isovalue can still be represented as in Equations (5) and (6).
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For woven yarns in regular patterns, the bent shapes of the component fibers subject to external constraints can be approximated by the method of minimum energy (e.g. Hearle and Shanahan, 1978) . Here we use a simple generalized PS model with S ¼ 1 and T ¼ 1 to model the bent fiber. The phase function is simply u cos(2πf(q T r). The bent rod surface:
has the medial axis in the x-z plane with the specified parameters of u and f, and the resulted model has a sinusoidal shape as shown in Figure 7 , where u determines the amplitude and f determines the frequency of vibration. Here the medial axis is actually the central curve passing through the centers of all the cross sections. For the central curves of bent rod surfaces oriented in the x-y and y-z planes, the respective major and minor basis vectors are
For the central curves of bent rod surfaces oriented in other planes, the basis vectors can be obtained through the rotation operation introduced in the previous section. It should be noticed that as more cosine basis functions are added for the phase, the shape of the fiber will be more flexible at the cost of computation. The carbon fibers in GDL we study in this paper are brittle and merely slightly bent when compressed. The wave length corresponding to the minor scale in the generalized PS model thus is large. In one RVE, there are usually only no more than two wave sections. Consequently, a single term of basis function is good enough for shape approximation of bent carbon fibers.
The generalized PS model of bent fibers presented here is an approximation based on geometry only. The more accurate models for shape changes as the result of external loads require mechanics analysis with the consideration of material properties. In Section 7, we will describe a new physics-based empirical force field method that models fiber bending and deformation based on the generalized PS model with implicit form.
When the cross-sections of the straight rod shift with an amount of u cos(2πf(q T Á r) to form a bent one, the actual cross-sections change slightly at the same time. As illustrated in Figure 8 , when the cross section CS 2 shifts at a distance of v, the cross 
. When the bent shape is u cos(2πf(q T Á r), the maximum value of α is α max ¼ arctan u, and the maximum difference is:
In the case that the bending is slight, the amplitude a is small, therefore D diff−max can be negligible. For instance, when a is 0.1, D diff−max ¼ 0.00496D. The generalized PS model can be used to model the compressed bent fibers. The bent rod surface model of Equation (17) is then incorporated into Equation (17) The detailed deformation at the contact positions is shown in Figure 9 (b). Based on the compressed bent fibers, woven fibers can be modeled. When the major scale parameters of the model in Equation (18) Table I . Again, the deformed shape is an approximation of geometry rather than the result of physics-based modeling. 
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Periodic surface model 6. Physics-based empirical force field to model fiber bending and deformation In the physical world, systems tend to stabilize at the configurations with minimum potential energies. This general principle can be used to model the shape deformation of fibers with better approximations of the real shape. This requires a well-defined function of potential energy for fibers in terms of the shape parameters, i.e. the major and minor basis vectors, in the PS model. Then the shape parameters are optimized to obtain the minimum potential energy.
If external forces are removed during assembly, fibers, either woven or non-woven, tend to recover to a stable state with the minimum potential energy. The fibers are bent, and the cross-sections are compressed at the contact points. The fibers should also be contacting each other at the bent and compressed locations, and dangling is not acceptable. In addition, the fibers tend to have deformation that is as small as possible. Therefore, the surface area of the fibers should be minimized. Based on these principles, the total potential U of assembled fibers is defined as the sum of a pair-wise volume interaction potential, a surface interaction potential, and a surface potential. These potential energy functions are defined as follows.
The pair-wise volume interaction potential is defined as
It is to measure the interaction between two fibers ψ i and ψ j in order to avoid intersection. The surface interaction potential is defined as I
ð Þdr, where ψ [\j is the equivalent field of all fibers with the jth one excluded. It is to ensure physical contact of the jth fiber with others so that no fibers are dangling in the air. The surface potential is defined as S j ¼ H c j ¼0 K j r ð Þdr, where K j is the Gaussian curvature on a point on the surface of the ith fiber. It is to ensure that the fibers have the minimum surface area so that they have the minimum amount of deformation.
Therefore, the total potential can be written as
j S j , where w 1 , w 2 and w 3 are the weights for pair-wise volume interaction potential, surface interaction potential and surface potential, respectively.
The general optimization problem to find the stable configuration can be formulated as: min m; k; u; f; t x ; t y ; t z U m; k; u; f ; t x ; t y ; t z À Á s:t: f 4 0 where μ, κ, u, f, t x , t y and t z are major moments, major scale parameters, minor moments, minor scale parameters, and translation vectors respectively for all fibers in the system. The possible major and minor basis vectors are pre-determined before optimization. Initially all moments could be zeros. After optimization, if a moment is zero, the corresponding basis vector has no effect on the final shape of fibers. Because the shape parameters of the fibers are optimized to simulate the local deformation at the contact points, local optimization methods are suitable similar to the traditional variational formulation. In the remainder of this section, we use two examples to illustrate the formulation.
Two-fiber assembly
The first example is given as a two-fiber assembly. The initial condition is that two fibers in the same plane are coming across each other. The two fibers have 90°difference of orientation around the out-of-plane direction, as shown in Figure 11(a) . In reality, the two fibers will not intersect with each other. Instead, they will bend and deform to avoid each other. In our formulation, the locations and orientations of the two fibers are fixed. Therefore, when the shape of the fibers is approximated as a sinusoidal function, the optimization parameters are the scale parameters f 1 and f 2 , and periodic moments u 1 and u 2 . As stated in Section 6, f determines the frequency of vibration, and u determines the amplitude. As a constraint to ensure the geometric symmetry of the assembly because of the symmetric compression load, the scale parameters of the two fibers are set to be the same, and the minor moments of the two fibers are set to have the same absolute value. Therefore, the only optimization parameters are the minor scale parameter f, and minor moments u 1 and u 2 . The optimization problem can be formulated as:
The isovalue of the model is set as −8.82 to decide the fiber diameter. The initial values for the moments are set as zeros, and the scale parameter is set as a random value between 1 and 2. The adjustment ranges for the scale parameter and moments are 
, and f ¼ 1.5κ 1 W 0 are set based on the above considerations.
The isovalue of the model is set as −6.65 to decide the fiber diameter. The initial values and the adjustment ranges for the parameters are listed in Table II . In addition, the initial translation vectors for fibers 4-6 are (0.45, −0.28, 0), (0.45, 0.038, 0) and (0.45, 0.356, 0) respectively. The model of the initial condition is shown in Figure 12(a) and (b) . Pattern search method is used for local optimization. When ω 1 ¼ 10 10 , ω 2 ¼ 1 and ω 3 ¼ 1, the result parameters are listed in Table II . In addition, the initial translation vectors for fibers 1-3 are (0.45, −0.28, 0), (0.45, 0.038, 0) and (0.45, 0.356, 0) , respectively. The optimized model is shown in Figure 12 (c) and (d). The CPU time is about eight minutes on a PC.
The major limitation of the proposed empirical force field method is that the initial parameter values are pre-determined by an empirical way. If the parameters are independent, the solution space has very high dimensions. The relationship between the parameters and the geometry are not completely understood. Therefore, the optimum solution may not be physical. Therefore empirical knowledge as the extra constraints is needed in the optimization formulation.
Implementation and demonstration
The generalized PS models of woven and non-woven fibers are implemented in our software package, PSLab, in the MATLAB environment. Here we use the GDL carbon fibers as an example to demonstrate how random fibers are modeled. The PS models of porous media can be integrated with CFD analysis. We also show the analysis results of woven and non-woven fibers.
Geometric modeling of random non-woven fibers
The construction process for random non-woven fibers is as follows. The fibers are all initially oriented along the x-axis and located in the center of the RVE, then translated to the origin of the RVE and rotated about the y-axis by the angle of θ and z-axis by the angle of ω, followed by a translation by the vector (t x , t y , t z ). For the carbon fibers in Figure 2 , the values of θ, ω and t x , t y , t z are random and the ranges are θ ∈ [−5π/180, 5π/180], ω ∈ [0, π] and t x , t y , t z ∈ [0, 1], respectively. During the optimization in Equation (9), the objective function is the volume of intersection portion Ω, and the optimization 
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Periodic surface model parameters are θ, ω, t x , t y , and t z . The volume Ω can be estimated by the number of voxels inside the isosurface of Ω. For the model of straight fibers, the optimization problem is formulated as: An example of PS models to represent straight fibers is illustrated in Figure 13 . The medial axis of a straight fiber, which is required to reconstruct geometries in CFD analysis tools, is a straight line and thus can be represented by the position of any point on the axis of the fiber, such as the central point, and the axial orientation. Therefore, after optimization, the center positions and axial orientation vectors of the fibers are calculated for the subsequently reconstructed model in ANSYS/Fluent, the CFD tool used in this work. The center position of a fiber is calculated through the translation of the initial center position (1/2, 1/2, 1/2) in the RVE domain of the unit lengths; the axial orientation vector is calculated through the rotation of the initial axis vector of (1, 0, 0). This geometric information is then exported and imported to ANSYS/Fluent to reconstruct the geometry for CFD analysis. Volumetric mesh of the pore space is generated by GAMBIT software, as shown in Figure 14 .
For bent fibers, Equation (16) Figure 15(a) . Following the procedure in Section 5.3, we first calculate the medial axes in their initial position located at the center of the RVE as in Equation (13), then find the new equations corresponding to the translated and rotated ones as in Equations (14) and (15). The initial medial axis used in this example is:
Once we have the closed-form mathematical expression of the medial axes, the curves are discretized and the locations of the sampled points are the inputs for CFD tools. Spline curves as the interpolated extrusion paths are then used to reconstruct fibers in ANSYS/Fluent. The unstructured volumetric mesh for the bent fibers model is shown in Figure 15(b) . Similarly, the mesh model for woven fibers can be constructed. Figure 16 shows such an example.
For layered or strongly anisotropic fibrous structures, the distribution of fibers such as the ones in Figure 13 is not uniform any more. We can choose any appropriate distributions to generate fibers in the model. Figure 17 gives an example of 20 bent fibers with translations in the z direction with a beta distribution (parameters a ¼ 4 and b ¼ 4) instead of the uniform one. In such non-uniform fiber distributions, fibers are more dense at the center location of the RVE. In order to conform certain distributions even after the optimization procedure to reduce intersection, some lower and upper bounds of translations for fibers can be set up. Figure 18 gives another example of 20 bent fibers with the rotation angles following an exponential distribution with parameter µ ¼ 0.4. Therefore, different probability density functions can be applied to represent distributions of fibers in different scenarios.
CFD analysis
To check the accuracy of the proposed modeling technique, the flow field inside the pore space of the three types of fibrous media (straight, bent, and woven) was modeled.
The through-plane and in-plane permeability values were calculated. To find the proper size of the RVE for accurate CFD analysis, the Brinkman screening length criterion (Clague et al., 2000) is used. Based on the reported values (Caston et al., 2011; Gostick et al., 2006) for the GDL's permeability, a cube with the length of 100 μm is large enough to smooth out the local non-homogeneities in the porous media.
After generating the fibrous micro-structures and the volumetric tetrahedral meshes for the pore space as shown in Figures 
where V is the superficial velocity (i.e. volumetric flow rate per unit cross sectional area), η is the fluid viscosity, and ∇P is the pressure drop per unit length through the porous material. An isometric view of the 100 × 100 × 100 µm computational domain is shown in Figure 19 . To determine the permeability in a desired direction, the inlet and outlet boundary conditions are set to the respective flow direction. At the inlet, a constant velocity perpendicular to the boundary is defined, whereas at the outlet, an outflow condition is imposed. No slip boundary condition is applied to the internal solid-fluid interface, which are the outer surfaces of the fibers.
To minimize the end effects on the flow field, identical auxiliary zones at the inlet and outlet of the two opposite faces in the direction of interest are added to the main porous domain. Toray 90 GDL was selected as the test sample for the non-woven structure. It has the porosity of 0.8 with the fiber diameter of 7 μm and the through-plane permeability of 8.3 × 10 −12 m 2 as measured by Gostick et al. (2006) . According to the experimental study conducted by Caston et al. (2011) , the through-plane permeability of woven structure depends on the its woven patterns of the fabric. The range of the permeability is between 2 × 10 −12 and 1 × 10 −11 m 2 . In our previous study (Didari et al., 2012) , it was shown that the higher the porosity is, the larger permeability value the fibrous porous media would have. As seen in Table III , the numerically estimated permeability values through the CFD analysis in our study are in a good agreement with the experimentally measured ones. 
Concluding remarks
In this paper, we proposed a generalized PS model and presented a new method to represent the geometry of microscopic fibrous porous media. The fibers in the models, either straight or bent, are efficiently constructed. The shape, position, and orientation of fibers are controllable to serve the purpose of design. Existing geometric modeling approaches are not suitable for modeling fibrous porous media for the purpose of design. In addition to the pure geometric modeling method, a physics-based empirical force field approach based on the principle of minimum potential energy is proposed to model the deformation of both woven and non-woven fiber assemblies. The uniqueness of this formulation is that it is based on implicit surface modeling. The proposed geometric modeling method effectively integrates with CFD analysis for design optimization. The modeling and simulation results match the physical experimental measurement well. Compared to existing modeling methods for fibrous porous media, the generalized PS model has several advantages. The implicit nature of the model enables it to build 3D porous and complex structures more efficiently than explicit modeling approaches. With global control of the shape, the macroscopic properties of porous media such as porosity and permeability can be linked to geometric parameters for ease of design. Furthermore, the model's inherent periodicity allows for creation of self-repeating geometry. Thus the size of the RVE is easily modifiable while its porosity is kept the same.
However, there are some limitations in our approach. In modeling the deformation of compressed fibers, the relationship between the parameters in the configuration space and the geometry in the Euclidean space is not completely understood. Therefore, the intuitive connection between the parameters and the shape is not available. In the future work, we want to establish the relationship between the parameters and the fiber shape. The computational load for the parameter optimization procedure is the major portion of computational cost in our method. The current implementation in Matlab is not necessarily optimized. Future study of computational efficiency is required if problems that are much larger than the ones in this paper need to be solved. Application specific optimization algorithms may be needed. In current empirical force field formulation, the weights associated with the three potential terms are determined empirically case-by-case. We would like to investigate a more systematic approach to determine them in the future. Furthermore, in this paper we construct the computational domain by retrieving the coordinates of medial axes from the surface models. In the future, we will also investigate the effective approach to export surface meshes directly to CFD tools so that geometries which are more complex than fibers can be modeled and simulated. The main challenge of this approach is to ensure the high quality of meshes that are directly generated from PS models such that the CFD analysis results are accurate. n/a 
